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Introduction. Let P n,r (x) be the generalized weighted means defined by P n,r (x)
=
.,x n ).
Here we denote P n,0 (x) as lim r →0 + P n,r (x) . Let f (x,y) be a real function, we write f (x, y) = 0 for y = (y 1 ,y 2 ,...,y n ) if for all i = 1,...,n, f (x i ,y i ) = 0.
In this paper, we always assume x 1 ≤ x 2 ≤ ··· ≤ x n , f (x, y) = 0 and denote x 1 = m, x n = M, y 1 = M , y n = m . We also write A n = P n,1 (x), G n = P n,0 (x), H n = P n,−1 (x), A n = P n,1 (y), G n = P n,0 (y), H n = P n,−1 (y).
The following inequality, originally due to Ky Fan, was first published in the monograph Inequalities by Beckenbach and Bellman [6, page 5] . Ky Fan's inequality has evoked the interest of several mathematicians and many papers appeared providing new proofs, generalizations and sharpenings of (1.1). We refer the reader to the survey article [3] and the references therein.
Under the same condition of Theorem 1.1, the following additive analogue of (1.1) was proved by Alzer [1] .
with equality holding if and only if
Refinements of (1.1) and (1.2), were obtained by Alzer (see [4, 5] ) in the following two theorems, respectively.
Recently, Mercer obtained the following generalized Ky Fan's inequality [7] .
Our main goal in this paper is to present a theorem which provides essentially a unified treatment of Theorems 1.1, 1.2, 1.3, 1.4, and 1.5 and also gives new extensions of Ky Fan's inequality. In Section 3, applications to Ky Fan's inequality will be given by specifying the functions f (x,y), F(x).
More generally, we can talk about the comparison of P 
The main theorem
provided the denominators on both sides are nonzero.
Proof. Since the proofs of (2.1) and (2.2) are very similar, we only prove (2.1) for r ≠ 0 here, the case r = 0 is also similar. We will consider the case F(x) = x first. We define for 1 ≤ i ≤ n − 1 and 0 < x < x i+1 :
and
We need to show that
where
The last inequality holds, since when
..,n, we have
Since D i is strictly decreasing, we conclude from m < M that D 1 (x 1 ) > 0. Next, for arbitrary F , by using the mean value theorem, (2.1) is equivalent to
Taking absolute value and applying the result for F(x) = x, we get the desired inequality (2.1). This completes the proof. Also in order to include the case of equality for various inequalities in our discussion, we define 0/0 = 1 from now on.
As a generalization of Theorem 1.3, we have the following corollary.
Proof. This follows from
We remark here in Corollary 3.1, the case α = 0 gives P n,1 (y)/P n,r (y) < (P n,1 (x)/ P n,r (x)) (M/m ) 2 , which partially generalizes Theorem 1.4. Also for the case α = 0, by only assuming x i ∈ [0,(a+b) −(1/p) ], we get P n,1 (y)/P n,r (y) ≤ P n,1 (x)/P n,r (x) for −1 ≤ r ≤ 1 with the equality holding if and only if x 1 = ··· = x n . This is a generalization of Theorem 1.5. As a generalization of Theorem 1.2, we have the following corollary.
Proof. The first inequality is trivial, and the second inequality for the case −1 ≤ r ≤ 1 follows from (3.3) by noticing M/m ≤ 1. For 1 ≤ r ≤ p, we will prove the case α = 1 and the general case follows from using the mean value theorem. We define for 1 ≤ i ≤ n − 1 and x n−i < x ≤ M 
and E i (x) = E(x i ).
We need to show that E 1 (x n ) ≥ 0, notice first for 
Thus we deduce
A close look of the proof tells us the equality holds in (3.4) if and only if x 1 = ··· = x n and the proof is completed.
As a special case of the above corollary, we have A n −H n ≤ A n −H n for generalized weighted means, a proof of this for the special case where ω 1 = ··· = ω n was given in [2] .
We remark here if 0 < b < a, then in general P n,1 (x) − P n,r (x) and P n,1 (y) − P n,r (y) are not comparable. For example, if we let a = 2, b = 1, n = 2, ω 1 = ω 2 , then when
The classical case of Ky Fan's inequality corresponds to the choice of f (x,y) = x + y − 1, where f x /f y = 1. In this case both inequalities (2.1) and (2.2) hold and combinations of previous results yield the following corollary. A simple calculation reveals that there exist positive real numbers δ and η such that we have f (ω 1 , ) < 0, if 0 < ω 1 < δ and 0 < < η and f (ω 1 , ) > 0, if 1 − δ < ω 1 < 1 and 0 < < η. Similar conclusion holds for sup(α) s,1 and this completes the proof.
